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A space X is said to have property (USC) (resp. (LSC)) if whenever { fn: n ∈ ω} is
a sequence of upper (resp. lower) semicontinuous functions from X into the closed unit
interval [0,1] converging pointwise to the constant function 0 with the value 0, there is a
sequence {gn: n ∈ ω} of continuous functions from X into [0,1] such that fn  gn (n ∈ ω)
and {gn: n ∈ ω} converges pointwise to 0. In this paper, we study spaces having these
properties and related ones. In particular, we show that (a) for a subset X of the real line, X
has property (USC) if and only if it is a σ -set; (b) if X is a space of non-measurable cardinal
and has property (LSC), then it is discrete. Our research comes of Scheepers’ conjecture on
properties S1(Γ,Γ ) and wQN.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction and preliminaries
In this paper all spaces are assumed to be Tychonoff. We denote by I the closed unit interval [0,1]. The symbol 0 is the
constant function with the value 0, and for a sequence { fn: n ∈ ω} of real-valued functions on a set X , the symbol fn → 0
means that { fn: n ∈ ω} converges pointwise to 0 (i.e. fn(x) → 0 for every x ∈ X ). Recall that a real-valued function f on
a space X is upper (resp. lower) semicontinuous if for every real number r the set {x ∈ X: f (x) < r} (resp. {x ∈ X: f (x) > r})
is open in X . In this paper we study spaces having the properties deﬁned below.
Deﬁnition 1.1. A space X has property (USC) (resp. (LSC)) if for every sequence { fn: n ∈ ω} of upper (resp. lower) semicon-
tinuous functions from X into I such that fn → 0, there is a sequence {gn: n ∈ ω} of continuous functions from X into I
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2684 H. Ohta, M. Sakai / Topology and its Applications 156 (2009) 2683–2691such that fn  gn (n ∈ ω) and gn → 0. A space X has property (USC)s (resp. (LSC)s) if for every sequence { fn: n ∈ ω} of
upper (resp. lower) semicontinuous functions from X into I such that fn → 0, there are a subsequence {n j: j ∈ ω} of ω
and a sequence {g j: j ∈ ω} of continuous functions from X into I such that fn j  g j ( j ∈ ω) and g j → 0. A space X has
property (USC)m (resp. (LSC)m) if for every sequence { fn: n ∈ ω} of upper (resp. lower) semicontinuous functions from X
into I such that fn → 0 and fn+1  fn (n ∈ ω), there is a sequence {gn: n ∈ ω} of continuous functions from X into I such
that fn  gn (n ∈ ω) and gn → 0.
The implications (USC) → (USC)s → (USC)m hold by the deﬁnitions, and both arrows cannot be reversed even for
subspaces of the real line (see Example 2.16(1), Corollaries 2.15 and 2.23). On the other hand, properties (LSC), (LSC)s and
(LSC)m are equivalent as we shall show in Section 3. Now, we mention the motivation of our research. To do this, we recall
some deﬁnitions and results from the literature.
Deﬁnition 1.2. A countable family {An: n ∈ ω} of subsets of a set X is a γ -cover of X [8] if every point x ∈ X is contained in
An for all but ﬁnitely many n ∈ ω. A space X has property S1(Γ,Γ ) [20] if for every sequence {Un: n ∈ ω} of open γ -covers
of X , there are Un ∈ Un (n ∈ ω) such that {Un: n ∈ ω} is a γ -cover of X .
Deﬁnition 1.3. A sequence { fn: n ∈ ω} of real-valued functions on a set X converges quasi-normally to 0 [1] if there is
a sequence {εn: n ∈ ω} of positive real numbers converging to 0 such that for each x ∈ X , | fn(x)| < εn holds for all but
ﬁnitely many n ∈ ω. A space X has property QN [2] if every sequence { fn: n ∈ ω} of real-valued continuous functions on X
such that fn → 0 converges quasi-normally to 0, and X has property wQN [2] if every sequence { fn: n ∈ ω} of real-valued
continuous functions on X such that fn → 0 contains a subsequence which converges quasi-normally to 0.
For covering characterizations of properties QN and wQN, see [4] and [18, Theorems 2.5 and 3.7]. Obviously property
QN implies wQN, and it is known that every perfectly normal space having property QN has S1(Γ,Γ ) (see [3, Theorem 7]
and [18, Theorem 3.7]). Scheepers [21] showed that every space having property S1(Γ,Γ ) has wQN, and conjectured that
the converse holds for perfectly normal spaces. By Dow’s result in [5] it is consistent with ZFC that property wQN coincides
with QN, and hence, so is that Scheepers’ conjecture holds (see [3]). It, however, is still open if Scheepers’ conjecture holds
in ZFC. Concerning this, Bukovský introduced the following notion which is stronger than property wQN.
Deﬁnition 1.4. ([3]) A space X has property wQN∗ if every sequence { fn: n ∈ ω} of upper semicontinuous functions from X
into I such that fn → 0 contains a subsequence which converges quasi-normally to 0.
Bukovský [3] showed that property S1(Γ,Γ ) implies wQN∗ , and recently, Sakai [19] showed that property wQN∗ implies
S1(Γ,Γ ). Thus, S1(Γ,Γ ) and wQN∗ are equivalent. Hence, we have the following.
Proposition 1.5. Every space having properties both wQN and (USC)s has property S1(Γ,Γ ).
Proof. Let X be a space having properties both wQN and (USC)s . It is enough to show that X has property wQN∗ . Let
{ fn: n ∈ ω} be a sequence of upper semicontinuous functions from X into I such that fn → 0. By property (USC)s , there
are a subsequence {n j: j ∈ ω} of ω and a sequence {g j: j ∈ ω} of continuous functions from X into I such that fn j  g j
( j ∈ ω) and g j → 0. By property wQN, the sequence {g j: j ∈ ω} contains a subsequence which converges quasi-normally
to 0. This implies that the sequence { fn j : j ∈ ω} also has a subsequence which converges quasi-normally to 0. 
In view of Scheepers’ conjecture, it is natural to ask if every perfectly normal space having property wQN has (USC)s .
Although the authors cannot solve this, it is interesting to know what kind of spaces have property (USC)s . Other properties
are natural byproducts occurred from this motivation.
Throughout this paper, R denotes the real line with the usual topology and ω denotes the ﬁrst inﬁnite ordinal. As usual,
an ordinal is the set of smaller ordinals. Other terms and notation will be used as in [6] and [9].
2. Properties (USC), (USC)s and (USC)m
A family {An: n ∈ ω} of subsets in a set X is said to be point-ﬁnite if {n ∈ ω: x ∈ An} is ﬁnite for each x ∈ X . A subset
Z in a space X is called a zero-set if Z = f −1(0) for some continuous function f : X → I. The complement of a zero-set is
called a cozero-set.
Lemma 2.1. Let { fn: n ∈ ω} be a sequence of functions from a space X into I and let Fn,k = {x ∈ X: fn(x) 2−(k+1)} for each n ∈ ω
and k ∈ ω. Assume that, for every k ∈ ω, there exist point-ﬁnite families {Zn,k: n ∈ ω} of zero-sets in X and {Un,k: n ∈ ω} of cozero-
sets in X such that Fn,k ⊂ Zn,k ⊂ Un,k for each n ∈ ω. Then there exists a sequence {gn: n ∈ ω} of continuous functions from X into I
such that fn  gn (n ∈ ω) and gn → 0.
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and gn,k[Zn,k] = {2−(k+1)}. We put gn =∑k∈ω gn,k for each n ∈ ω. Then each gn is a continuous function from X into I. Let
x ∈ X be ﬁxed. We show that fn(x) gn(x) for each n ∈ ω. If fn(x) = 0, then clearly fn(x) gn(x). So we may assume that
2−(k+1)  fn(x) 2−k for some k ∈ ω. Then x ∈ Fn, j for each j  k, which implies that
gn(x)
∑
jk
gn, j(x) =
∑
jk
2−( j+1) = 2−k  fn(x).
Next, to show that gn(x) → 0 (n → ∞), let ε > 0 and choose k ∈ ω with 2−k < ε. Then, for each j < k, there exists mj ∈ ω
such that x /∈ Un, j for each nmj . Put m = max{mj: j < k}. If nm, then gn, j(x) = 0 for each j < k, which implies that
gn(x) =
∑
jk
gn, j(x)
∑
jk
2−( j+1) = 2−k < ε.
Hence, gn(x) → 0 (n → ∞). 
Theorem 2.2. The following statements are equivalent.
(1) X has property (USC);
(2) For every point-ﬁnite family {Fn: n ∈ ω} of closed sets in X, there are point-ﬁnite families {Zn: n ∈ ω} of zero-sets in X and
{Un: n ∈ ω} of cozero-sets in X such that Fn ⊂ Zn ⊂ Un for each n ∈ ω.
Proof. (1) → (2). Let {Fn: n ∈ ω} be a point-ﬁnite family of closed sets in X . For each n ∈ ω, consider the function fn on X
deﬁned by fn[Fn] = {1} and fn[X \ Fn] = {0}. Then each fn is upper semicontinuous and fn → 0. Hence there is a sequence
{gn: n ∈ ω} of continuous functions on X satisfying fn  gn (n ∈ ω) and gn → 0. For each n ∈ ω, we put
Zn =
{
x ∈ X: gn(x) 2/3
}
and Un =
{
x ∈ X: gn(x) > 1/3
}
.
Then, Zn is a zero-set in X , Un is a cozero-set in X and Fn ⊂ Zn ⊂ Un for each n ∈ ω. Since gn → 0, {Un: n ∈ ω} is
point-ﬁnite in X .
(2) → (1). Let { fn: n ∈ ω} be a sequence of upper semicontinuous functions from X into I such that fn → 0. For each
n ∈ ω and k ∈ ω we put
Fn,k =
{
x ∈ X: fn(x) 2−(k+1)
}
.
Then each Fn,k is closed in X and {Fn,k: n ∈ ω} is point-ﬁnite in X for each k ∈ ω. Hence, by (2) and Lemma 2.1, we can
ﬁnd a sequence {gn: n < ω} of continuous functions from X into I such that fn  gn (n ∈ ω) and gn → 0. 
Corollary 2.3. For a normal space X, the following statements are equivalent.
(1) X has property (USC);
(2) For every point-ﬁnite family {Fn: n ∈ ω} of closed sets in X, there exists a point-ﬁnite family {Un: n ∈ ω} of open sets in X such
that Fn ⊂ Un for each n ∈ ω;
(3) For every open γ -cover {Un: n ∈ ω} of X , there exists a closed γ -cover {Fn: n ∈ ω} of X such that Fn ⊂ Un for each n ∈ ω.
Proof. The equivalence of (1) and (2) follows from Theorem 2.2 and the fact that every pair of disjoint closed sets in
a normal space can be separated by a continuous function. Observe that a family {Un: n ∈ ω} of subsets of X is a γ -cover
of X if and only if {X \ Un: n ∈ ω} is point-ﬁnite in X . Hence, (2) is equivalent to (3). 
A space X satisfying the condition (2) in Corollary 2.3 is called (γ ,γ )-shrinkable in [18]. Recall from [15] that a space
X is a σ -set (or sometimes, σ -space) if every Fσ -set in X is a Gδ-set in X . For instance, a Sierpin´ski set is a σ -set
[15, Theorem 4.1]. It was proved in [18, Corollary 3.4] that a perfectly normal space X is (γ ,γ )-shrinkable if and only
if it is a σ -set. Hence, we have the following.
Corollary 2.4. For a perfectly normal space X, X has property (USC) if and only if it is a σ -set.
Haleš [10] showed that every perfectly normal σ -set having property wQN has S1(Γ,Γ ). This immediately follows from
Proposition 1.5 and Corollary 2.4. The reader might ask if every perfectly normal space having property wQN is a σ -set. It is
known that there is a counterexample under CH to this question (see Example 2.16). Haleš also proved in [10, Theorem 7]
that every perfectly normal space having property QN is a σ -set (for metrizable spaces, this is due to Recław [16]; see also
[18, Theorem 3.5]). Hence, we have the following by Corollary 2.4.
Corollary 2.5. Every perfectly normal space having property QN has property (USC).
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ordinal number α, we deﬁne X (α) as follows: X (0) = X, X (α+1) is the set of all non-isolated points of X (α) , and if α is
a limit, then X (α) =⋂{X (β): β < α}. Obviously a space X is scattered if and only if X (α) = ∅ for some α. For a scattered
space X , we put ht(X) = min{α: X (α) = ∅}. Every subset of a scattered space is scattered, and the next lemma is immediate
from the deﬁnitions.
Lemma 2.6. Let X be a scattered space with ht(X) = α. If Y ⊂ X \ X (β) and β < α, then ht(Y ) β .
A space is said to be metacompact (or weakly paracompact [6]) if every open cover of it has a point-ﬁnite open reﬁnement.
Theorem 2.7. Every normal metacompact scattered space has property (USC).
Proof. Let X be a normal metacompact scattered space with ht(X) = α, and assume that every normal metacompact scat-
tered space Y with ht(Y ) < α has property (USC). Let {Fn: n ∈ ω} be a point-ﬁnite family of closed sets in X .
If α = β + 1, then {Fn ∩ X (β): n ∈ ω} is locally ﬁnite in X since X (β) is closed and discrete in X . Since X is metacompact,
it follows from [6, 5.5.17(b)] that there is a point-ﬁnite family {Un: n ∈ ω} of open sets in X such that Fn ∩ X (β) ⊂ Un for
each n ∈ ω. Since X is normal, there is a family {Vn: n ∈ ω} of open sets in X such that Fn \ Un ⊂ Vn and V n ∩ X (β) = ∅.
Both normality and metacompactness are hereditary with respect to Fσ -sets [6, 2.1.E.(a), 5.3.C.(b)]. Hence
⋃
n∈ω V n is normal
metacompact scattered. By Lemma 2.6, ht(
⋃
n∈ω V n)  β , hence
⋃
n∈ω V n has property (USC). Therefore there is a point-
ﬁnite family {Wn: n ∈ ω} of open sets in X such that Fn \ Un ⊂ Wn ⊂ Vn for each n ∈ ω. The family {Un ∪ Wn: n ∈ ω} is
point-ﬁnite and satisﬁes Fn ⊂ Un ∪ Wn for each n ∈ ω. By Corollary 2.3, X has property (USC).
If α is limit, then X =⋃{X \ X (β): β < α}. For each point x ∈ X , there are βx < α and an open neighborhood Ux of x
such that Ux ∩ X (βx) = ∅. By Lemma 2.6, ht(Ux)  β < α, hence Ux has property (USC). Using metacompactness, we take
a point-ﬁnite open reﬁnement {Vs: s ∈ S} of {Ux: x ∈ X}. Since X is normal, it follows from [6, 1.5.18] that there is a cover
{Cs: s ∈ S} of closed sets in X such that Cs ⊂ Vs for each s ∈ S . For each s ∈ S , {Cs ∩ Fn: n ∈ ω} is point-ﬁnite and V s has
property (USC), therefore there is a point-ﬁnite family {Ws,n: n ∈ ω} of open sets in X such that Cs ∩ Fn ⊂ Ws,n ⊂ Vs for
each n ∈ ω. Finally, let Wn =⋃{Ws,n: s ∈ S} for each n ∈ ω. Then Fn ⊂ Wn (n ∈ ω) and {Wn: n ∈ ω} is point-ﬁnite in X . By
Corollary 2.3, X has property (USC). 
Corollary 2.8. Every compact scattered space has property (USC).
Corollary 2.9. Every ordinal with the order topology has property (USC).
Proof. Every successor ordinal has (USC) by Corollary 2.8. Every limit ordinal with countable coﬁnality has (USC), since it
is homeomorphic to the topological sum of successor ordinals. Let α be a limit ordinal with uncountable coﬁnality. Then,
for every point-ﬁnite family {Fn: n ∈ ω} of closed sets in α, only ﬁnitely many Fn ’s can unbounded in α. By this fact, using
Theorem 2.2 and Corollary 2.8, we can prove that α has property (USC). 
We turn to considering property (USC)s .
Theorem 2.10. The following statements are equivalent.
(1) X has property (USC)s;
(2) For every point-ﬁnite family {Fn: n ∈ ω} of closed sets in X, there are a subsequence {n j: j ∈ ω} of ω, point-ﬁnite families
{Zn j : j ∈ ω} of zero-sets in X and {Un j : j ∈ ω} of cozero-sets in X such that Fn j ⊂ Zn j ⊂ Un j for each j ∈ ω.
Proof. The implication (1) → (2) can be proved by the same arguments as in Theorem 2.2.
(2) → (1). Let { fn: n ∈ ω} be a sequence of upper semicontinuous functions from X into I such that fn → 0. For each
n ∈ ω and k ∈ ω we put
Fn,k =
{
x ∈ X: fn(x) 2−(k+1)
}
.
Then Fn,k is closed in X and {Fn,k: n ∈ ω} is point-ﬁnite in X for each k ∈ ω. We show that there are a subsequence
{n j: j ∈ ω} ⊂ ω, families {Zn j ,k: j,k ∈ ω} of zero-sets in X and {Un j ,k: j,k ∈ ω} of cozero-sets in X such that {Zn j ,k: j ∈ ω}
and {Un j ,k: j ∈ ω} are point-ﬁnite for each k ∈ ω and Fn j ,k ⊂ Zn j ,k ⊂ Un j ,k for each j,k ∈ ω. By induction on j ∈ ω, we can
deﬁne, by applying (2), an inﬁnite subset A j ⊂ ω such that A j ⊂ A j−1, where A−1 = ω, point-ﬁnite families {Zn, j: n ∈ A j}
of zero-sets in X and {Un, j: n ∈ A j} of cozero-sets in X such that Fn, j ⊂ Zn, j ⊂ Un, j for each n ∈ A j . Put n j = min A j for
each j ∈ ω. We may assume that n j < n j+1 for each j ∈ ω. Then {n j: j ∈ ω} is a required subsequence of ω. For each k ∈ ω,
the sets Zn j ,k and Un j ,k have already been deﬁned for all j  k. For j < k, we put Zn j ,k = Un j ,k = X . Then the families{Zn j ,k: j ∈ ω} and {Un j ,k: j ∈ ω} (k ∈ ω) are what we want. By Lemma 2.1, there is a sequence {g j: j ∈ ω} of continuous
functions from X into I such that fn j  g j ( j ∈ ω) and g j → 0. 
Similarly to Corollary 2.3, we have the following by the preceding theorem.
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(1) X has property (USC)s;
(2) For every point-ﬁnite family {Fn: n ∈ ω} of closed sets in X, there exist a subsequence {n j: j ∈ ω} of ω and a point-ﬁnite family
{Un j : j ∈ ω} of open sets in X such that Fn j ⊂ Un j for each j ∈ ω;
(3) For every open γ -cover {Un: n ∈ ω} of X , there exist a subsequence {n j: j ∈ ω} of ω and a closed γ -cover {Fn j : j ∈ ω} of X
such that Fn j ⊂ Un j for each j ∈ ω.
According to Haleš, a space X is called a γ γco-space if every open γ -cover of X has a reﬁnement which is a γ -cover
consisting of clopen sets in X . Haleš noted in [10, Lemma 1] that every γ γco-space having property wQN has S1(Γ,Γ ). This
result immediately follows from Proposition 1.5 and Theorem 2.10.
Since every cozero-set is the union of a countable point-ﬁnite family consisting of zero-sets (see [18, Lemma 3.2]),
every Fσ -set of a perfectly normal space is the union of a countable point-ﬁnite family consisting of zero-sets. Therefore
a perfectly normal space X is a σ -set if and only if for every point-ﬁnite family {Fn: n ∈ ω} of closed sets in X , ⋃n∈ω Fn is
a Gδ-set in X . In a perfectly normal space, property (USC)s has a characterization similar to a σ -set.
Corollary 2.12. For a perfectly normal space X, the following statements are equivalent.
(1) X has property (USC)s;
(2) For every point-ﬁnite family {Fn: n ∈ ω} of closed sets in X, there is a subsequence {n j: j ∈ ω} of ω such that ⋃ j∈ω Fn j is
a Gδ-set in X.
Proof. (1) → (2). Let {Fn: n ∈ ω} be a point-ﬁnite family of closed sets in X . Take a subsequence {n j: j ∈ ω} of ω and a
point-ﬁnite family {U j: j ∈ ω} of open sets in X such that Fn j ⊂ U j for each j ∈ ω. For each j ∈ ω, let Fn j =
⋂
k∈ω G j,k ,
where each G j,k is open in X , G j,0 = U j and G j,k+1 ⊂ G j,k (k ∈ ω). Then ⋃ j∈ω Fn j =
⋂
k∈ω
⋃
j∈ω G j,k .
(2) → (1). Let {Fn: n ∈ ω} be a point-ﬁnite family of closed sets in X . Using the statement (2) inductively, we can take
a decreasing sequence {Ak: k ∈ ω} of inﬁnite subsets of ω such that (a) nk > nk+1, where nk = min Ak (k ∈ ω), and (b)
for each k ∈ ω, ⋃n∈Ak Fn is a Gδ-set in X . For each k ∈ ω, let
⋃
n∈Ak Fn =
⋂
j∈ω Gk, j , where each Gk, j is open in X and
Gk, j+1 ⊂ Gk, j ( j ∈ ω). Without loss of generality, we may assume that for each j ∈ ω the sequence {Gk, j: k ∈ ω} is also
decreasing. It is easy to check that {Gk,k: k ∈ ω} is point-ﬁnite in X and Fnk ⊂ Gk,k for each k ∈ ω. By Corollary 2.11, X has
property (USC)s . 
Deﬁnition 2.13. A family A of subsets of a set X is called an ω-cover of X [8] if every ﬁnite subset in X is contained in
some member of A. A space X has property (γ ) [8] if for each open ω-cover U of X contains a γ -cover, i.e., there exists
a sequence {Un: n ∈ ω} ⊂ U with X =⋃n∈ω
⋂
mn Um . A space X has property (κ ) [17] if every pairwise disjoint sequence{Fn: n ∈ ω} of ﬁnite subsets in X there are a subsequence {n j: j ∈ ω} of ω and a point-ﬁnite family {U j: j ∈ ω} of open
sets in X such that Fn j ⊂ U j for each j ∈ ω.
For a space X , we denote by Cp(X) the space of all real-valued continuous functions on X with the topology of pointwise
convergence. Gerlits and Nagy [8] proved that Cp(X) is Fréchet–Urysohn if and only if X has property (γ ), and Sakai [17]
proved that Cp(X) is κ-Fréchet–Urysohn if and only if X has property (κ ).
Proposition 2.14. Property (γ ) implies property (USC)s , and property (USC)s implies property (κ).
Proof. Let X be a space having property (γ ), and let {Fn: n ∈ ω} be a point-ﬁnite family of closed sets in X . Then X is
Lindelöf, and hence, normal by the deﬁnition. For each ﬁnite set A in X , take n(A) ∈ ω and an open set U (A) in X such
that A ⊂ U (A) and U (A) ∩ Fn(A) = ∅. Then {U (A): A is ﬁnite in X} is an ω-cover of X . We take a γ -cover {U (Ak): k ∈ ω}.
Then {X \ U (Ak): k ∈ ω} is point-ﬁnite and Fn(Ak) ⊂ X \ U (Ak) for each k ∈ ω. By choosing a subsequence if necessary, we
can assume that n(Ak) 
= n(Ak′ ) whenever k 
= k′ . Hence, by Corollary 2.11, X has property (USC)s . The latter part follows
from their deﬁnitions. 
A separable metrizable space is said to be always of the ﬁrst category if every dense-in-itself subset of it is of the ﬁrst
category in itself [13, p. 516]. Since every separable metrizable space having property (κ ) is always of the ﬁrst category
[17, Theorem 3.2], we have the following.
Corollary 2.15. Every separable metrizable space having property (USC)s is always of the ﬁrst category.
Example 2.16. (1) Under CH, Galvin and Miller [7] constructed a subset of R having property (γ ) which is not a λ-set
(hence, not a σ -set) (see [17, Example 3.9 (1)]). By Corollary 2.4 and Proposition 2.14, this set has property (USC)s , but does
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hand, every Sierpin´ski set can not have property (γ ) since every subspace of R with property (γ ) has strong measure zero
[8]. Let α be an uncountable ordinal with uncountable coﬁnality. Then, α has property (USC) by Corollary 2.9, but does not
have property (γ ) since every space with (γ ) must be Lindelöf by the deﬁnition.
Lemma 2.17. Every Cˇech-complete space having property (USC)s is scattered.
Proof. Let X be a Cˇech-complete space having property (USC)s . Assume that X is not scattered. Then by a standard argu-
ment, there is a compact set K in X and a continuous map from K onto the Cantor cube {0,1}ω . Using property (USC)s
of K , it is easy to check that {0,1}ω has also property (USC)s . By Corollary 2.15, this is a contradiction. 
Theorem 2.18. Let X be a normal metacompact Cˇech-complete space. Then the following are equivalent.
(1) X has property (USC);
(2) X has property (USC)s;
(3) X is scattered.
Proof. (1) → (2) always holds. (2) → (3) follows from Lemma 2.17. (3) → (1) follows from Theorem 2.7. 
By Theorem 2.18, the one-point compactiﬁcation of a discrete space has property (USC), while the Cˇech–Stone compact-
iﬁcation βω does not have (USC)s . Gerlits and Nagy [8] proved that a Lindelöf Cˇech-complete space has property (γ ) if and
only if it is scattered. Hence we have the following.
Corollary 2.19. Let X be a Lindelöf Cˇech-complete space. Then the following are equivalent.
(1) X has property (USC);
(2) X has property (USC)s;
(3) X is scattered;
(4) X has property (γ ).
Finally we investigate property (USC)m . Unlike properties (USC) and (USC)s , spaces in much wider classes have property
(USC)m .
Deﬁnition 2.20. ([11]) A real-valued function on a space is said to be locally bounded if each point of the space has a neigh-
borhood on which the function is bounded. A space X is called a cb-space if for each locally bounded function f on X there
is a continuous function g on X such that | f | g .
Lemma 2.21. ([14]) A space X is a cb-space if and only if for every decreasing sequence {Fn: n ∈ ω} of closed sets in X with empty
intersection, there exists a decreasing sequence {Zn: n ∈ ω} of zero-sets in X with empty intersection such that Fn ⊂ Zn for each n ∈ ω.
Theorem 2.22. A space X has property (USC)m if and only if it is a cb-space.
Proof. Assume that X has property (USC)m , and let {Fn: n ∈ ω} be a decreasing sequence of closed sets in X with empty
intersection. We deﬁne functions fn ’s from X into I as follows: fn[Fn] = {1} and fn[X \ Fn] = {0}. Obviously fn → 0,
fn+1  fn (n ∈ ω) and every fn is upper semicontinuous. Take a sequence {gn: n ∈ ω} of continuous functions from X
into I such that fn  gn (n ∈ ω) and gn → 0. For each n ∈ ω, we put
Zn =
⋂
jn
{
x ∈ X: g j(x) 1/2
}
.
Obviously Fn ⊂ Zn (n ∈ ω), and {Zn: n ∈ ω} is a decreasing sequence of zero-sets in X with empty intersection. By
Lemma 2.21, X is a cb-space.
Conversely assume that X is a cb-space, and let { fn: n ∈ ω} be a sequence of upper semicontinuous functions from X
into I such that fn → 0 and fn+1  fn (n ∈ ω). Put Fn,k = {x ∈ X: fn(x)  2−(k+1)} for each n ∈ ω and k ∈ ω. Then, for
each k ∈ ω, {Fn,k: n ∈ ω} is a decreasing sequence of closed sets in X with empty intersection. Since X is a cb-space, using
Lemma 2.21 we can take a decreasing sequence {Zn,k: n ∈ ω} of zero-sets in X with empty intersection such that Fn,k ⊂ Zn,k
for each n ∈ ω. Since each Zn,k is a zero-set in X , by a simple observation we can take a decreasing sequence {Un,k: n ∈ ω}
of cozero-sets in X with empty intersection such that Zn,k ⊂ Un,k for each n ∈ ω. Hence, by Lemma 2.1 there is a sequence
{gn: n ∈ ω} of continuous functions from X into I such that fn  gn (n ∈ ω) and gn → 0. 
Horne [11] proved that every normal countably paracompact space is a cb-space, and that every cb-space is countably
paracompact. Hence we obtain the following.
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A space X is called a P-space if every Gδ-subset of it is open in X .
Proposition 2.24. Every P -space having property (USC)m has property (USC). In particular, every normal countably paracompact
P -space has property (USC).
Proof. Let X be a normal P -space having property (USC)m , and let {Fn: n ∈ ω} be a point-ﬁnite family of closed sets in X .
For each n ∈ ω, we put F ′n =
⋃{Fk: k n}. Since X is a P -space, each F ′n is closed in X . Obviously {F ′n: n ∈ ω} a decreasing
sequence with empty intersection. By Theorem 2.22, there is a decreasing sequence {Zn: n ∈ ω} of zero-sets in X with
empty intersection such that F ′n ⊂ Zn for each n ∈ ω. Since a zero-set is a Gδ-set, each Zn is open (and closed) in X . Thus{Zn: n ∈ ω} is a point-ﬁnite family of clopen sets in X such that Fn ⊂ Zn for each n ∈ ω. By Theorem 2.2, X has property
(USC). The latter part follows from Corollary 2.23. 
Example 2.25. (1) Obviously, properties (USC), (USC)s and (USC)m are hereditary with respect to closed subsets. We show
that these properties are not hereditary. Let Y be a locally compact, scattered space which is not countably paracompact
(for example, the space Ψ = ω ∪ D described in [9, 5I]), and consider the one-point compactiﬁcation X of Y . Then X has
property (USC) by Corollary 2.8, but Y fails to have property (USC)m by Corollary 2.23. Hence, (USC), (USC)s and (USC)m
are not hereditary. It will be worth noting that, by Corollary 2.4, property (USC) is hereditary in the realm of R, i.e., if
Y ⊂ X ⊂ R and X has (USC), then Y also has (USC). The authors do not know if property (USC)s is hereditary in the realm
of R. (2) We show that the space Ψ = ω ∪ D satisﬁes the statement (2) in Corollary 2.3. Let {Fn: n ∈ ω} be a point-ﬁnite
family of closed sets in Ψ . For each n ∈ ω, let Un = Fn ∪ {k ∈ ω: k > n}. Then Un is open in Ψ and contains Fn . It is easy
to see that {Un: n ∈ ω} is point-ﬁnite. Thus in Corollary 2.3, normality is necessary. Moreover, since every subset of Ψ is
a Gδ-set, perfect normality is necessary in Corollary 2.4.
The following diagram holds for subsets of R, where AFC means “always of the ﬁrst category”. In addition, it is proved
in [12, Theorem 2.11] that every Sierpin´ski set has property S1(Γ,Γ ).
Sierpin´ski set −→ σ -set =
(γ ) S1(Γ,Γ ) wQN
(USC) (USC)s (κ) AFC
λ-set
Here, the implication (γ ) → S1(Γ,Γ ) is noted in [20], S1(Γ,Γ ) → wQN is proved in [21, Theorems 6 and 10], wQN → AFC
is proved in [2, Corollary 4.3], and λ-set → (κ) → AFC is proved in [17, Theorem 3.2]. Finally, in view of Corollary 2.5, the
following question naturally arises.
Question 2.26. Does every perfectly normal space having property wQN have property (USC)s?
By Proposition 1.5, Scheepers conjecture holds if the answer to the above question were positive.
3. Properties (LSC), (LSC)s and (LSC)m
In contrast with properties (USC), (USC)s and (USC)m , we show that properties (LSC), (LSC)s and (LSC)m are all equivalent.
Theorem 3.1. For a space X, the following statements are equivalent.
(1) X has property (LSC);
(2) X has property (LSC)s;
(3) X has property (LSC)m;
(4) For every decreasing sequence {Un: n ∈ ω} of open sets in X with empty intersection, there exists a sequence {Zn: n ∈ ω} of
zero-sets in X with empty intersection such that Un ⊂ Zn for each n ∈ ω;
(5) X is a P -space and for every point-ﬁnite family {Un: n ∈ ω} of open sets in X, there exists a point-ﬁnite family {Vn: n ∈ ω} of
clopen sets in X such that Un ⊂ Vn for each n ∈ ω.
Proof. The implications (1) → (2) → (3) are trivial.
(3) → (4). Let {Un: n ∈ ω} be a decreasing sequence of open sets in X with empty intersection. For each n ∈ ω, deﬁne
a function fn : X → I by fn[Un] = {1} and fn[X \ Un] = {0}. Obviously, fn → 0, fn+1  fn (n ∈ ω) and every fn is lower
semicontinuous. Take a sequence {gn: n ∈ ω} of continuous functions from X into I such that fn  gn (n ∈ ω) and gn → 0.
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that Un ⊂ Zn for each n ∈ ω.
(4) → (5). First we show that X is a P -space. Let A be a Gδ-set in X and let x be any point in A. Take a closed Gδ-set
F in X satisfying x ∈ F ⊂ A. Let F =⋂n∈ω Gn , where each Gn is open in X and Gn+1 ⊂ Gn (n ∈ ω). Since {Gn \ F : n ∈ ω} is
a decreasing sequence of open sets in X with empty intersection, there is a family {Zn: n ∈ ω} of zero-sets in X with empty
intersection such that Gn \ F ⊂ Zn for each n ∈ ω. Take n ∈ ω with x /∈ Zn . Then (X \ Zn) ∩ Gn is an open set in X such that
x ∈ (X \ Zn) ∩ Gn ⊂ F ⊂ A. Thus A is open in X .
Now let {Un: n ∈ ω} be a point-ﬁnite family of open sets in X . For each n ∈ ω, we put U ′n =
⋃
kn Uk . Then {U ′n: n ∈ ω}
is a decreasing sequence of open sets in X with empty intersection. Take a family {Zn: n ∈ ω} of zero-sets in X with empty
intersection such that U ′n ⊂ Zn for each n ∈ ω. Since each Zn is a Gδ-set, it is clopen in X . Let Vn = Z0 ∩ · · · ∩ Zn for each
n ∈ ω. The family {Vn: n ∈ ω} is what we need.
(5) → (1). Let { fn: n ∈ ω} be a sequence of lower semicontinuous functions from X into I such that fn → 0. For each
n ∈ ω and k ∈ ω, we put
Un,k =
{
x ∈ X: fn(x) > 2−(k+2)
}
.
Then for each k ∈ ω, {Un,k: n ∈ ω} is a point-ﬁnite family of open sets in X . By (5) there exist clopen sets Vn,k (n,k ∈ ω)
satisfying that Un,k ⊂ Vn,k and for each k ∈ ω {Vn,k: n ∈ ω} is point-ﬁnite in X . Since {x ∈ X: fn(x) 2−(k+1)} ⊂ Un,k ⊂ Vn,k
for each n ∈ ω and k ∈ ω, it follows from Lemma 2.1 that there exists a sequence {gn: n ∈ ω} of continuous functions from
X into I such that fn  gn (n ∈ ω) and gn → 0. 
A cardinal κ is said to be measurable [9, 12.1] if a set X of cardinal κ admits a {0,1}-valued measure μ such that
μ(X) = 1 and μ({x}) = 0, where μ is deﬁned on the family of all subsets of X and countably additive. It is known in
[9, 12.2] that a cardinal κ is non-measurable if and only if every ultraﬁlter with the countable intersection property has
non-empty intersection. The smallest measurable cardinal (if any exist) is strongly inaccessible [9, 12.6]. A ﬁlter is said to
be free if it has empty intersection.
Corollary 3.2. Let X be a space of non-measurable cardinal. Then X has property (LSC) if and only if X is discrete.
Proof. Assume that X has property (LSC) and there is a non-isolated point x in X . Let {Uα: α < κ} be a pair-
wise disjoint family of non-empty open subsets in X satisfying the conditions x /∈ Uα (α < κ ) and x ∈ ⋃α<κ Uα ,
where κ is an inﬁnite cardinal. For every open neighborhood U of x, we set F (U ) = {α < κ: U ∩ Uα 
= ∅}. Then
F = {F (U ): U is an open neighborhood of x} is a free ﬁlter base on κ . Let G be a ultraﬁlter on κ containing F . Sup-
pose that there is a decreasing sequence {Gn: n ∈ ω} ⊂ G with empty intersection. Then obviously {⋃α∈Gn Uα: n ∈ ω} is
a point-ﬁnite family of open sets in X , hence {⋃α∈Gn Uα: n ∈ ω} is also point-ﬁnite by Theorem 3.1. Take some k ∈ ω and
an open neighborhood V of x such that V ∩⋃α∈Gk Uα = ∅. Then F (V ) ∩ Gk = ∅. Since G is a ﬁlter, this is a contradic-
tion. Therefore G has the countable intersection property. Since κ has a free ultraﬁlter G with the countable intersection
property, it is measurable, hence the cardinal of X is measurable. The converse is trivial. 
Example 3.3. There is a non-discrete space having property (LSC). Assume that there is a measurable cardinal κ . Let p be
a free ultraﬁlter on κ with the countable intersection property. We consider the subspace X(p, κ) = {p} ∪ D(κ) of βD(κ),
where D(κ) is the discrete space with cardinal κ , and βD(κ) is the Cˇech-Stone compactiﬁcation of D(κ). We see that
X(p, κ) has property (LSC). Let {Pn: n ∈ ω} be a decreasing sequence of open sets in X(p, κ) with empty intersection. Since
p has the countable intersection property, Pn /∈ p (i.e. p /∈ Pn) for all but ﬁnitely many n ∈ ω. Thus Pn is clopen in X(p, κ)
for all but ﬁnitely many n ∈ ω. Thus X(p, κ) has property (LSC). It is easy to see that X(p, κ) has property (USC) too.
We observe that every function on X(p, κ) is upper semicontinuous or lower semicontinuous. Indeed for a function f
on X(p, κ), let A = {x ∈ D(κ): f (x)  f (p)} and B = {x ∈ D(κ): f (x)  f (p)}. Since p is a ultraﬁlter, A ∈ p or B ∈ p. If
A ∈ p (resp. B ∈ p), then f is upper (resp. lower) semicontinuous. Thus X(p, κ) has the following stronger property: for
every sequence { fn: n ∈ ω} of functions from X(p, κ) into I such that fn → 0, there is a sequence {gn: n ∈ ω} of continuous
functions from X(p, κ) into I such that fn  gn (n ∈ ω) and gn → 0.
The space X(p, κ) is extremally disconnected (i.e. the closure of every open set is open). But not every space with (LSC)
is extremally disconnected. Let Y = X(p, κ) × {0,1} and let Z be the quotient space obtained by identifying the two points
(p,0) and (p,1) in Y . Then the space Z has property (LSC) but is not extremally disconnected.
Question 3.4. Does every space having property (LSC) have property (USC) or (USC)s or (USC)m?
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